is paper mainly focuses on the elastic support of thrust bearings. e dynamic characteristics of the shafting system are studied. Firstly, the multi-DOF transfer matrix expressions of the simplified mass element and spring element are derived. A three-DOF transfer matrix-coupling model in XOZ plane is established by using force coupling conditions at thrust bearings. en, a test rig is built to test the propulsion shafting. e bending vibration characteristics of the shafting under the support conditions of thrust bearings are studied. And finally, the transmission characteristics of vertical and longitudinal forces of propellers under different support conditions of thrust bearings are emphatically analyzed.
Introduction
e mechanical noise of marine stern has always been the focus of attention in the field of vibration reduction and noise reduction in various countries [1] . e large propulsion machine of the stern is the main noise source [2] . When the vibration of power equipment is well controlled, the propulsion shafting of the stern becomes the main factor affecting noise. e alternating thrust generated by the propeller rotating in the stern is the main source of excitation for the longitudinal vibration of the propulsion shafting system. e force of the blade changes periodically every turn, and the force of the propeller changes periodically with z p (z p is the number of blades). erefore, the basic frequency of the alternating thrust is blade frequency, and the frequency of its high-order harmonics is integer multiples of blade frequency [3] . In addition, the unbalanced mass of the propeller caused by inadequate manufacturing accuracy will generate dynamic unbalanced force when the shafting is running, which is also an effective excitation to the longitudinal vibration of the shafting, and the corresponding frequency is the shaft frequency [4] .
After mastering the excitation characteristics and hazards of propulsion shafting vibration, scholars all over the world have carried out a wealth of research on the transmission mechanism of longitudinal vibration of shafting through propulsion shafting. Pan et al. [5] studied the problem comprehensively and built a small test rig, as shown in Figure 1 .
e test results show that the transmission characteristics of propulsion shafting are quite different under different working conditions. e parameters of propulsion shafting are nonlinear under rotational speed and load. e parameters of propulsion shafting have a great influence on the longitudinal vibration characteristics of shafting.
Based on Pan's research results, Xie et al. [6] has carried out theoretical and experimental research on the transmission characteristics of the shafting subsystem by using the marine berthing stage. e longitudinal stiffness parameters of propulsion shafting are emphatically tested and compared with the theory.
Zhang et al. [7] [8] [9] [10] and others have carried out relevant theoretical research on the longitudinal vibration of shafting and also pointed out that the longitudinal stiffness parameters of propulsion shafting are the main parameters affecting the longitudinal vibration of shafting. A kind of propulsion shafting with hydraulic vibration reduction is presented, as shown in Figure 2 . Principle prototype verifies the control effect. In order to simulate the elasticity of submarine shell, Li et al. [11] built a scaled model test rig and carried out theoretical and experimental research on this problem. e influence of oil-film stiffness characteristics of propulsion shafting on the longitudinal vibration of the shafting is studied. According to Pan's research results, an active control algorithm is designed, but no new test results are published. On this basis, the relevant control measures are put forward in [12, 13] , but there are still some problems, such as the theoretical design is too complex and the control algorithm is not mature. Mead and Yaman [14, 15] put forward the wave theory to study the longitudinal vibration characteristics of shafting. It has clear physical meaning and complete analytical solution to analyze the longitudinal vibration characteristics of shafting with theoretical solutions of one-dimensional wave equation under different boundary conditions. Zhou and Yi [16] applied this method to analyze the longitudinal vibration characteristics of marine propulsion shafting under different support systems. It is pointed out that the stiffness of propulsion shafting is the main factor affecting the longitudinal vibration characteristics of the shafting. Zhang and Zhao [7] also applied this method to the multistep structure of marine shafting with variable cross section. e continuity condition at variable cross section is proposed to simplify the shafting into a uniform shaft. e detailed characteristic frequency equation of the longitudinal vibration of the shafting is deduced, and the influence trend of the stiffness value of propulsion shafting on the vibration characteristics of the shafting is analyzed. Zou et al. [17] established a nonlinear coupled longitudinal-transverse dynamic model of the marine propulsion shafting and investigated the transverse superharmonic resonances under blade frequency excitation. Zou et al. [18] studied the oil-film stiffness and composite support stiffness of the thrust bearing in marine propulsion shafting. e method of measurement for the oil-film stiffness and the composite support stiffness is investigated, and the experiment is carried by this method in a scaled thrust bearing test rig. Aiming at the problem of radiated noise caused by low frequency vibration of the tail of low speed ship, the longitudinal vibration of shafting is taken as the starting point. He et al. [19] established the theoretical model of the longitudinal vibration of the shafting by using the theory of structural elastic wave, deduced the characteristic frequency equation of the longitudinal vibration of the shafting in detail, and analyzed the attenuation effect of the integrated vibration isolation system and RC support subsystem on the longitudinal vibration of the shafting.
In order to effectively reduce the natural frequency of the longitudinal vibration of the shafting, most of the used thrust bearings are supported by elastic support [20] , but this support system changes the vibration state of other DOF. e thrust bearing with elastic support will affect the state of marine propulsion shafting. However, the dynamic characteristics of the propulsion shafting will affect the marine vibration and noise. For the existing integral vibration isolation system, the arrangement of isolators often fails to realize the six-DOF decoupling of the stiffness matrix of the vibration isolation system, and there is a common phenomenon of multi-DOF coupling. erefore, it is particularly important to study the dynamic characteristics of thrust bearing elastic support shafting. In this paper, theoretical and experimental studies will be carried out. e innovative contributions of this paper can be summarized as follows:
(1) Considering the elastic supporting of the thrust bearing, a three-DOF transfer matrix-coupling model in the XOZ plane is established. e rest of this paper is organized as follows: Section 2 briefly introduces the three-DOF transfer matrix-coupling model. e design process of the test is detailed in Section 3. In Section 4, the vibration characteristics of the shafting system are briefly described. Section 5 provides a description of longitudinal and vertical transfer characteristics. Finally, conclusions are drawn in Section 6.
Multi-DOF Vibration Coupling Model of the Shafting System
Marine shafting vibration is a complex vibration system with great specificity and time varying and many influencing factors. Generally, according to the six-DOF in Cartesian coordinate system, marine shafting vibration can be divided into gyration vibration, longitudinal vibration, and torsional vibration. Longitudinal vibration and torsional vibration include single-DOF, while gyration vibration refers to the rotation of the shafting system around the deflection curve on the one hand and around the support center on the other hand, as shown in Figure 3 , including four-DOF in the vertical and horizontal planes. e main reason for the gyro vibration is that the momentum vector caused by the polar moment of inertia and the radius moment of inertia of the rotating body changes constantly during the operation of the shafting, which has a great influence on the vibration characteristics of the shafting. e momentum moment is also called gyroscopic moment. Because of the unbalanced mass of the shafting itself, the complex lubrication characteristics of the bearing and the different orientations of the cross section inertia parameters, the shafting multi-DOF coupling vibration forms are often caused. is paper studies the influence of the whole system on the shafting vibration characteristics after the propulsion shafting is supported by an elastic support, so it is necessary to make some assumptions about the shafting. Based on the concentric support of radial bearings in each direction, the gyration vibration can be decomposed into the bending vibration in the vertical plane and the horizontal plane. Considering that the external load is mainly longitudinal force and the arrangement of isolator is limited, the coupling of the longitudinal DOF x with the vertical DOF z and the rotational DOF beta around the Yaxis of the isolation system can easily be formed. At the same time, the elastic support of the thrust bearing mainly changes the radial stiffness at the installation position of the thrust bearing and does not affect the torsional vibration characteristics of the shafting. erefore, the integral vertical plane vibration isolation system is mainly analyzed. Coupled vibration characteristics with longitudinal bending of shafting, i.e., three-DOF coupling characteristics in the XOZ plane, the bending in this paper refers to the vertical plane bending, and the horizontal plane bending can be analogous to the vertical plane.
In this paper, the shafting system can be divided into mass element, shaft segment element, and spring element. Before listing the transfer matrix expression of each element, the positive direction of the element is first specified. Taking mass element as an example, it can be used for reference by other elements. e force vector directions of the left and right ends of the element are shown in Figure 4 . e axial direction is x, and the forward direction is from the bow to the stern; the vertical direction is z, and the vertical direction is positive; the vertical paper facing inward is y-axis. e expression of bending vibration of each element is given.
Quality components:
Shaft element: Shock and Vibration
Radial bearing spring elements:
e bending vibration transfer matrix and the longitudinal vibration transfer matrix of the above components are written in the form of a diagonal matrix.
Shaft element:
Spring element:
e angular scales L and B represent the longitudinal and bending vibrations, respectively; IL is a 2 × 2 unit matrix. e column vectors representing the state vectors at both ends of the element are 6 × 1, including three-DOF of axial displacement x, vertical deflection Z, and rotation beta around y-axis.
Observing the above transfer matrices, it can be found that under the assumption of ignoring the DOF coupling caused by the shafting, the transfer matrices mentioned above only write the longitudinal (2 × 2) and bending (4 × 4) columns of each element into the total transfer matrix (6 × 6) and do not have the coupling relation. e coupling relation between the isolation system and the longitudinal bending of the shafting is determined by using the force coupling condition at the thrust bearing with the elastic support.
As shown in Figure 5 , for the traditional thrust bearing installation method, the hull base can be considered rigid in the low-frequency band. e thrust transmitted by the thrust bearing is transmitted to the hull through the oil film, and the transmission paths are parallel. It is logical that the longitudinal stiffness of the thrust bearing is equivalent to the longitudinal spring element with a single-DOF. However, when the thrust bearing is supported by an elastic support, the bearing shell and tile will move together with the vibration isolation system when the force of the vibration isolation system changes, resulting in an increase in the load of the thrust tile on one side of the deviating thrust disk, i.e., spring compression; a decrease in the load of the tile on the other side of the deviating thrust disk, i.e., spring elongation; and the unequal reaction of the two pairs of the thrust tile to the thrust disk Shock and Vibration will result in an increase in the load of the thrust disk. It is inaccurate to form an additional bending moment by using the single-DOF longitudinal spring element in its modeling, and the angular sti ness which characterizes the bending transfer relationship should also be taken into account. e vertical transfer path of thrust bearing II (selfaligning thrust bearing) is mainly transmitted by the sealing elements at both ends of the bearing shell.
, so its longitudinal bending transfer matrix is as follows:
e bending sti ness is multiplied by the longitudinal sti ness of the symmetrical two equivalent springs by the square of the supporting position r p of the tile, that is,
p . e multi-DOF transfer matrix of equivalent mass and the spring element of the integral vibration isolation system is derived. As shown in Figure 6 , the state vector transmitted to the mass element of thrust bearing II is Z 1 , the state vector transmitted to the left end of the vibration isolation system is Z 2 , the state vector transmitted to the spring element is Z 3 , and the end is Z 4 .
In the low-frequency band, the left displacement vector (2 points) and the right displacement vector (3 points) satisfy the rigid body kinematics based on the rigid body hypothesis:
where G i (i 2, 3) is the coordinate matrix of the position transformation at the center of gravity of the vibration isolation system relative to the left access point 2 and the right output point 3, respectively. Two points correspond to the installation point of thrust bearing II on the intermediate raft body, and three points correspond to the center of mass of the vibration isolation system:
At the same time, the force vectors of two and three points satisfy the classical dynamics theory:
Ignoring the inertia product in the mass matrix of the vibration isolation system, we can get that Formulas (10) and (11) are written in the form of transfer matrices:
Among them, x 0 th and z 0 th are the distance between the installation position of thrust bearing II and the center of gravity of the whole vibration isolation system. e three-DOF stiffness matrix of the overall vibration isolation system in the XOZ plane is as follows:
According to the force and deformation of the left and right ends of the spring element multiplied by the elastic coefficient equal to the action force, combined with the positive direction of the element coordinate system, it can be obtained that
Based on the principle that the forces acting on the two ends of the spring element are equal, the longitudinal bending coupling transfer matrix in the vertical plane of the equivalent spring element of the whole vibration isolation system can be obtained:
Among them,
After ignoring the factors of longitudinal and bending coupling of the shafting itself, it can be found that the main causes of the longitudinal bending coupling between the whole vibration isolation system and the shafting system are the asymmetry of the stiffness matrix and the vertical installation position coordinate z 0 th of the thrust bearing relative to the center of gravity of the vibration isolation system, which are defined as the stiffness coupling and mass coupling, respectively. e transfer relations of state vectors at both ends are as follows:
Among them, state vector Z i (i � R, L) � X F x z β M y F z T at both ends; the existing vessel generally adopts the integral vibration isolation system. e right end of the system is fixed. e constraint force of thrust bearing II simplified mass elements, namely, F II x , M II y , and F II Z , can be obtained:
Formula (17) is formulated as a matrix, which is the analytical expression of the modified bending longitudinal transfer matrix of the simplified mass element of the thrust 6 Shock and Vibration bearing. With this model, the natural vibration characteristics and forced vibration characteristics of the shafting with the elastic support can be calculated. When considering different directions of the supporting bearings, the aforementioned modeling method can still be extended to the horizontal bending vibration, where the state vectors at both ends are 10 × 1 column vectors and the transfer matrix is 10 × 10 matrix.
Experiment
It mainly includes the DC main propulsion motor (rated power 300 kW and speed 250 rpm), propulsion shafting, radial bearing, Michel thrust bearing, high elastic coupling, hull base, and auxiliary cooling and lubrication system. e stern end of the shafting is simulated by an external loading device to simulate the longitudinal excitation of the propeller. e test section can truly reflect the mechanical environment of the marine stern and can be used for noise reduction of marine machinery and equipment, dynamic characteristics of shafting rotor, and so on. It is a multifunctional platform for noise reduction of marine stern machinery.
Longitudinal Shafting Excitation System.
e longitudinal shafting excitation system is loaded by the hydraulic servo system and controlled by force feedback. As shown in Figure 7 , the system consists of articulated hinges, hydraulic cylinders, servo valves, force sensors, and rotating mechanism. e flow of hydraulic oil is controlled by servo valves, and then the loading force is controlled. e loading frequency is controlled by the switching frequency of servo valves. e internal disc spring and the thrust roller bearing in the rotating mechanism can be realized. e static force of − 150 kN∼150 kN and 10% dynamic force are loaded longitudinally, and the loading frequency ranges from 2.5 to 30 Hz.
Propulsion Shafting.
Shaft system is composed of stern section, intermediate thrust shaft, and stern thrust shaft; each subsection shaft is connected by hinged bolts. Stern end is connected with flange of exciting equipment, and the stern end is connected with the output shaft of main propulsion motor through high elastic coupling; stern section is supported by two water-lubricated bearings, water supply pressure is about 0.3 MPa, and intermediate bearing is lubricated by natural lubrication, as shown in Figure 8 .
Two thrust bearings are connected in series in the shaft system. Among them, thrust bearing I is installed in the conventional way, directly rigidly connected to the hull; thrust bearing II is installed on the intermediate raft by floating raft vibration isolation installation. During the experiment, the load-bearing switching between the two thrust bearings can be realized by manipulating the hydraulic hand-operated pump, and the effect of the floating raft vibration isolation system on the longitudinal vibration of the shafting can be verified by comparison.
Vibration Characteristics
As shown in Figure 9 , there are five radial bearings in the bench shafting of the laboratory. ey are stern rear bearing 1#, stern front bearing 2#, thrust bearing I front and rear bearing 3#, 4#, and intermediate bearing 5#. e radial bearings are simplified as single-point supporting spring elements, assuming that the stiffness of each direction is the same; considering the weight of the propeller, the support point of the stern rear bearing is 1/4 of the bush. e midpoint of the sleeve is used as the fulcrum position. e parameters of each bush are as follows: the diameter of rear stern bearing is 220 mm and the length is 650 mm; the diameter of front stern bearing is 220 mm and 730 mm; the diameter of thrust bearing I radial bush is 220 mm and 180 mm; and the diameter of intermediate bearing bush is 180 mm and 275 mm. e shafting is divided into 30 components with the length of 40 mm as the minimum component size.
Before analyzing the coupled vibration characteristics of the system, it is necessary to determine the support stiffness values of the radial bearings, which have a great influence on the bending vibration shape of the shafting. However, the radial bearings of marine shafting are hydrodynamic sliding bearings. Influenced by lubrication state, the installation position and alignment state of shafting, their mechanical characteristics are complex, often accompanied by obvious nonlinear characteristics, and engineering testing is difficult. In this section, Jasper's empirical formula for the numerical calculation of the stiffness of marine radial bearings is used to qualitatively analyze the changing trend of the bending vibration characteristics of thrust bearing II with elastic supports.
Empirical formula:
Among them, c is the empirical coefficient, generally takes 2, P is the bearing load when the shaft system is in alignment, and δ is the radial clearance when each bearing is installed. Applying the shafting school transfer matrix model to calculate the bearing load, combined with the radial clearance of each bearing installation, the equivalent stiffness values of each bearing can be obtained, as shown in Table 1 . e above numerical results of radial bearing stiffness are substituted into the model, together with the longitudinal stiffness value of thrust bearing (1 × 10 9 N/m). Since the radial support stiffness of the seal assembly at both ends of self-aligning thrust bearing is difficult to determine, it is tentatively designated as 3 × 10 5 N/m. e unit force sweep frequency is applied at the propeller end, and the sweep frequency range is 0∼100 Hz.
Comparing the Vibration Characteristics of Shafting under Two Kinds of Support Systems.
e bending vibration characteristics of thrust bearings under two supporting conditions are summarized, as shown in Table 2 .
Shock and Vibration
From Figure 10 and Table 2 , it can be seen that thrust bearings only have a great influence on the local bending vibration of shafting under the condition of an elastic support but have little influence on other bending modes. Observing Figures 10(d) -10(f ), it can be seen that there are more chaotic peaks at about 10 Hz, which are mainly due to the mixing of three-DOF modes of the vibration isolation system: longitudinal 10.2 Hz, vertical 8.5 Hz, and pitch 11.8 Hz. e corresponding frequency values of number 4 are substituted into the model, and the vertical dynamic deflections of each element are obtained. e corresponding local bending modes can be obtained after regularization, as shown in Figure 11 . 
In summary, although the radial bearing bush design of thrust bearing II has been cancelled, the stiffness characteristics of the vibration isolation system will affect the bending modes of shafting with thrust bearing II as the main vibration form and have little effect on other bending modes.
at is to say, for the bending vibration of shafting, the vibration isolation system only affects the bending stiffness near the support, and the support will show coupling characteristics, that is, the inherent vibration characteristics of the vibration isolation system are mixed.
Comparison of Longitudinal Vibration Characteristics of Shafting under Two Kinds of Support Systems.
e longitudinal displacement admittance curves of each point of the shafting are analyzed. It is pointed out that all points show the same vibration characteristics. e low-frequency band is similar to that of one-dimensional rod. e longitudinal displacement admittance curves at thrust bearings can be used to qualitatively analyze the longitudinal vibration characteristics of the shafting. However, the influence of multi-DOF coupling is not considered when studying the elastic support of thrust bearings. erefore, the longitudinal bending coupling model is used in this section to study the longitudinal vibration characteristics of thrust bearings II under single load, and the admittance curve at thrust bearings II is still used for qualitative analysis.
As can be seen from Figure 12 , considering the multi-DOF coupling, the bending characteristic frequencies of shafting are found in the longitudinal displacement admittance curve of shafting, which accords with the general understanding of shafting vibration characteristics. In summary, considering the multi-DOF coupling, the characteristic line spectra of the longitudinal vibration characteristics of shafting will appear to characterize the bending characteristics.
Transfer Characteristics

Longitudinal Transfer Characteristics.
e whole vibration isolation system starts from the low-frequency vibration reduction of marine thrust bearings and pays more attention to the transmission characteristics of the longitudinal force in the low-frequency band. Formula (19) is still used to study the transmission characteristics T f of the longitudinal force in the case of multi-DOF coupling. e parameters in formula (19) represent three-DOF matrices or vectors:
Because of the lack of accurate numerical value of the propeller end force vector, the simulation is carried out under the assumption of F p � 1 1 1 T . Figure 13 shows that compared with the test results, the coupling model has higher accuracy and can be used to analyze longitudinal force transmissibility. e longitudinal force transmissibility curve with multi-DOF coupling has more coupling frequencies: 8.5 Hz (vertical vibration of isolation system), 9.9 Hz (first-order longitudinal vibration of shafting), 12.6 Hz (pitching vibration of isolation system), 13.9 Hz (first-order bending vibration of shafting), 27.3 Hz (resonance frequency of thrust bearing), 43.7 Hz (secondorder bending vibration of shafting), and 71.6 Hz (secondorder longitudinal vibration of shafting). Although there are many coupling frequencies, only the first-order longitudinal vibration isolation system, the pitch of the isolation system, the first-order bending of the shafting system, and the second-order longitudinal vibration isolation of the shafting system have no effect on vibration reduction. e whole vibration isolation system at other coupling frequencies can still achieve thrust bearing vibration reduction. It should be noted that, except for the inevitable bending vibration frequency of shafting, the longitudinal vibration of the vibration isolation system is coupled with pitching, and the initial frequency of the vibration reduction band should consider pitching frequency.
Considering the influence of longitudinal stiffness of thrust bearings under different working conditions, the range of longitudinal stiffness (7 × 10 8 ∼ 1.2 × 10 9 N/m) of thrust bearings under stealth working conditions is discussed. Figure 14 shows that the longitudinal stiffness of the thrust bearing only affects the antiresonance frequency and the second-order natural frequency of the thrust bearing but has no effect on other frequencies. e main reason is that the large mass effect of the vibration isolation system weakens the interaction between the vibration isolation system and the shafting system. In fact, the first-order natural frequency of the shafting system is the longitudinal natural frequency of the vibration isolation system. e vertical installation position coordinate a z of the isolator is the main reason for the non-decoupling of the midstiffness matrix. erefore, a z is chosen as − 400 mm, − 300 mm, and − 200 mm, respectively, for simulation. Figure 15 shows that reducing the vertical installation position coordinate a z of the isolator is helpful to reduce the coupling effect of multi-DOF shafting. erefore, in accordance with the characteristics of reducing displacement, the vertical installation position coordinate a z of the isolator should be as close as possible to the center of gravity of the system in order to realize the stiffness matrix decoupling of the isolation system.
Vertical Transfer Characteristics.
Based on the existing stiffness values of radial bearings, the transmission characteristics of vertical force of the propeller after elastic support of thrust bearings are qualitatively analyzed. Figure 16 shows that compared with the test results, the coupling model has higher accuracy and can be used to analyze vertical force transmissibility. Compared with the uncoupled model, the vertical force transfer characteristics of thrust bearings with elastic supports do not change much in the low frequency, and there will be correlated frequencies showing the vibration form of the isolation system. It shows that the main influence on the local stiffness of thrust bearings is distributed in the high frequency. It is also necessary to analyze the components in the transmission path of the radial bearings with or without coupling.
Observing the vertical force transfer component on each transmission path in Figure 17 , it can be found that the vertical force transmission characteristics of 1#, 2#, and 3# bearings are smaller in the coupled model and the uncoupled model. In 4#, 5# bearings, the vertical force characteristics are quite different, showing the coupling phenomenon of longitudinal vibration and bending vibration of the shafting, and the characteristic frequency which characterizes the vibration shape of the vibration isolation system appears. At the same time, the overall vibration isolation system is not rigid supported by the thrust bearing, and the vertical force is transmitted to the hull through the vibration isolation system, but the amplitude is small.
Conclusions
is paper studies the dynamic characteristics of thrust bearing shafting after the elastic support and draws the following conclusions:
(1) e elastic support of thrust bearings only changes the local bending stiffness of thrust bearings, which affects the bending characteristic frequencies of thrust bearings as the main vibration form and has little influence on other bending characteristic frequencies of shafting.
(2) After thrust bearings are supported by elastic supports, the vertical force transmission path of the propeller changes from the initial radial bearings to radial bearings and vibration isolation systems. e vertical force transmission characteristics of 1#, 2#, and 3# bearings are almost unaffected. Vertical force transmission characteristics of 4# and 5# bearings change a lot, showing the characteristics of coupling between longitudinal and bending of shafting. Also, the characteristic frequencies of vibration forms of isolation systems are shown. (3) In the case of multi-DOF coupling, the characteristic line spectrum of propeller longitudinal force transfers the characteristic curve which characterizes the bending of shafting appears. Under different stiffness values of thrust bearings, only the second-order longitudinal natural frequency of shafting and the antiresonance frequency of thrust bearings are affected, but the low-frequency and high-efficiency vibration reduction of thrust bearings can still be achieved.
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